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A CONSTRAINT FOR TWIST EQUIVALENCE OF CUSP FORMS
ON GL(n)
DINAKAR RAMAKRISHNAN AND LIYANG YANG
This Note owes its existence to a question posed to the first author by Kaisa
Matomäki, spurred in turn by her ongoing joint works with Maksym Radziwill on
the sign changes of coefficients λn(h) of cusp forms h (ref. [11]). Her question is
this:
Suppose f, g are newforms, holomorphic or of Maass type, on the upper half plane
H of levels N,N ′ respectively. Is there an optimal upper bound on the conductor Q
of a Dirichlet character χ such that f, g are twist equivalent via χ, i.e., for all but
a finite number of primes p, we have λp(f) = λp(g)χ(p)?
The answer is Yes, and we could show that Q ≤
√
NN ′. (The fact that Q is
bounded above by some power of NN ′ is not difficult, thanks to factorizability and
the local Langlands correspondence, see the beginning of Section 3.) Now suppose
f or g has trivial character. Then we even show that Q ≤
√
[N,N ′], where [N,N ′]
is the least common multiple of N,N ′. By the Atkin-Lehner theory, one knows that
prime divisors of Q must also divide [N,N ′]. In fact our proof below will show that
Q2 divides [N,N ′], still with f or g of trivial character. Moreover, this is optimal,
even when N, N ′ have common divisors. In the special sub-case where N,N ′ are
square-free, Q must be 1 and there is no non-trivial twist equivalence between f
and g.
It is convenient for us to work in the framework of automorphic representations,
and we prove an analogous result for cusp forms on GL(n), for any n ≥ 1, over any
global field F . Denote by AF the ring of adeles of F .
Let π1 and π2 be unitary cuspidal representations on GL(n,AF ), where F is
a global field. Let N1 (resp. N2) be the arithmetic conductor of π1 (resp. π2),
which is an ideal in OF . Let χ be an idele class character of F . Denote by Q the
conductor of χ.
Theorem A. Let notation be as above. Suppose π1 ⊗ χ ≃ π2. Then we have
(1) Qn | N1N2.
Suppose further that for every finite place v, when π1,v or π2,v is ramified either it
is in the discrete series or n = 2 with trivial central character. Then Qn | [N1, N2],
where [N1, N2] is the least common multiple of N1 and N2.
In fact, the proof will give a corresponding local statement at each place, and
the case of ramified principal series implies the optimality of the bound.
Remark. Suppose n = 2 and π1 has trivial central character. Then Q
2 | [N1, N2].
(See Proposition 7 of Sec. 3.) If moreover, N1, N2 are squarefree, then Q = 1, and
χ a class group character. Thus if F has class number 1, e.g., F = Q, there is no
such χ.
Also, for GL(2), it was shown by the first author ( [12]), using multiplicity one for
SL(2), that if Ad(π) ≃ Ad(π′), where Ad is the Gelbart-Jacquet adjoint lifting from
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GL(2) to GL(3), then π′ ≃ π ⊗ χ for some character χ. So Theorem A elucidates
the fibre of π → Ad(π).
Our proof of Theorem A reduces it, by the factorizability of the conductors, to
a local statement, and further to statement about discrete series representations
of GL(n, Fv), and then make use of the local Jacquet-Langlands correspondence
to a question about twists of (finite-dimensional) irreducible representations of the
(multiplicative group of the) division algebraD of dimension n2 over Fv of invariant
1/n, where we appeal to some known results of Koch and Zink. (One can also work
in the framework of Moy and Prasad.)
In our result, χ need not have finite order. Thus it is natural to ask for such
a bound for the full analytic conductor, which includes an archimedean analysis.
This is done in the last section, see Theorem B therein.
D. Prasad has referred us to the preprint ([2]), which also treats character twists,
but goes in another direction.
We thank Kaisa Matomäki, Dipendra Prasad and Maksym Radziwill for their
interest.
1. Representations of Central Division Algebras
Let v be a non-archimedean place of F. Let oFv be the ring of integers of Fv.
Let ̟v be a fixed uniformizer. Let ordFv be the valuation normalized such that
ordFv (̟) = 1. Denote by Uk(Fv) = 1 +̟
k
oFv if k ≥ 1. Set U0(Fv) = o×Fv .
Let χv be a quasi-character of F
×
v . Denote by Ar(χv) the Artin exponent, i.e.,
the least integer k ≥ 0 such that χv |Uk(Fv)= Id .
Let Dv be a division algebra over Fv of dimension [Dv : Fv] = d
2
v. Denote by Nrd
the reduced norm on Dv. Let ordFv be the normalized valuation on Fv. Denote by
Uk(Dv) =
{
x ∈ D× : ordFv (Nrd(x− 1)) ≥ k
}
, ∀ k ≥ 1;
and set U0(Dv) = ker(ordFv ◦Nrd). Let π′v be an irreducible admissible representa-
tion of D×v . Define the level l(π
′
v) of π
′
v as following:
l(π′v) = min
k≤0
{
k : π′v | Uk(Dv) = Id
}
.
Let χv be a quasi-character of F
×
v . Set π
′
v⊗χv = π′v⊗ (χv ◦Nrd). Then it is clear
from the definition that l(π′v ⊗ χv) = l(χv ◦Nrd), assuming l(χv ◦Nrd) ≥ l(π′v).
1.1. Local Level-Conductor Formula. Let π′v be an irreducible admissible rep-
resentation of D×v . One can define (e.g. [8]) the conductor exponent A(π
′
v) of π
′
v
via the ǫ-factor. Then one has the following level-conductor formula ( (4.3.4) in
Sec. 4.3 of [8]), which is well known for n = 2.
Lemma 2. Let π′v be an irreducible admissible representation of D
×
v . Then
(2) A(π′v) = l(π
′
v) + dv − 1.
Remark. One can state (2) equivalently in terms of Moy-Prasad depth ( [9] and
[10]).
Lemma 3. Let π′v be an irreducible admissible representation of D
×
v . Let χv be a
quasi-character of F×v such that l(χv ◦Nrd) ≥ l(π′v). Then A(π′v⊗χv) = dv ·Ar(χv).
3Proof. Let x ∈ F×v . Then ordFv (Nrd(x)) = ordFv (xdv ) = dv · ordFv (x). Take k =
l(χv ◦Nrd). Then we have
Nrd(Uk(Dv)) = Uk(Dv) ∩ F×v = U⌈k/dv⌉(Fv),
where ⌈·⌉ is the ceiling function. Note that χv is trivial on U⌈k/dv⌉(Fv) if and only
if χv ◦Nrd is trivial on Uk(Dv). Then by definition, we have
Ar(χv) ≤
⌈
l(χv ◦Nrd)
dv
⌉
,
implying that d · (Ar(χv)− 1) ≤ l(χv ◦Nrd)− 1. On the other hand, by definition,
l(χv ◦Nrd) is the minimal integer such that χv is trivial on U⌈k/dv⌉(Fv). Hence
(3) l(χv ◦Nrd) = dv · (Ar(χv)− 1) + 1.
Since l(χv ◦ Nrd) ≥ l(π′v), one has l(π′v ⊗ χv) = l(χv ◦ Nrd). Note that π′v ⊗ χv
is also irreducible. Applying (2) to π′v ⊗ χv we thus deduce
(4) A(π′ ⊗ χv) = l(π′ ⊗ χv) + dv − 1.
Then Lemma 3 follows from (3) and (4). 
1.2. The Local Jacquet-Langlands Correspondence. We recall briefly the
Jacquet-Langlands correspondence here. Let Irr(GL(d, Fv)) (resp. Irr(D
×
v )) be the
set of equivalence classes of irreducible essentially square-integrable representations
of GL(d, Fv) (resp. D
×
v ). Then there exists a canonical bijection
JL : Irr(GL(d, Fv)) −→ Irr(D×v )
satisfying some properties (e.g. [1], Thm 2.2). Let πv be an irreducible essentially
square-integrable representation of GL(d, Fv). Denote by π
′
v = JL(πv). Then one
also has A(π′v ⊗ χv) = Ar(πv ⊗ χv), for any quasi-character χv of F×v .
2. Representations of the Weil-Deligne Group
Let v be a non-archimedean local place of F. Let σv be a semisimple, finite
dimensional representation of the Weil-Degline group WDF,v. Decompose σv as
σv ≃ m1σv,1 ⊕ · · · ⊕mrσv,r,
where each σv,i is indecomposable, occurring with multiplicity mi. Let deg(σv) =
m1 dimσv,1 + · · · + mr dimσv,r be the degree of σv. Denote by Ar(σv) the Artin
exponent of σv.
Let χv be a character on the Weil group WF,v with conductor Qv. Denote by
Ar(σv ⊗ χv) the Artin exponent of σv ⊗ χv.
Proposition 4. Let notation be as above. Assume σv is irreducible. Then either
(5) dimσv · Ar(χv) ≤ max
{
Ar(σv ⊗ χv),Ar(σv)
}
,
where the equality holds if Ar(σv ⊗ χv) 6= Ar(σv) or Ar(σv) = deg(σv) ·Ar(χv).
Proof. Suppose dimσv · Ar(χv) > max{Ar(σv ⊗ χv),Ar(σv)}. Denote by πv the
irreducible representation of D×v corresponding to σv under the local Langlands
correspondence. Let π′v = JL(πv). Then Ar(σv) = Ar(πv) = A(π
′
v). Hence it follows
from formulas (3), (4) and the assumption dimσv · Ar(χv) > Ar(σv) that l(χv ◦
Nrd) > l(π′v). We then deduce from Lemma 3 that A(π
′
v ⊗ χv) = dimσv · Ar(χv).
Therefore, applying the Jacquet-Langlands correspondence in conjunction with the
local Langlands correspondence ( [7] and [6]) we get Ar(σv ⊗χv) = dimσv ·Ar(χv),
a contradiction! Thus (5) holds.
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Now we suppose Ar(σv ⊗ χv) 6= Ar(σv). Since Ar(χv) = Ar(χ−1v ), after twisting
by χ−1v if needed, we may assume that Ar(σv ⊗ χv) > Ar(σv), which amounts to
A(π′v ⊗ χv) > A(π′v). Then by (4) one has l(π′v ⊗ χv) > l(π′v). Hence
(6) l(χv ◦Nrd) ≥ l(π′v).
Suppose further that equality in (5) does not hold. Then dimσv · Ar(χv) <
Ar(σv ⊗ χv) = A(π′v ⊗ χv). Then by Lemma 3 we deduce that l(χv ◦ Nrd) <
l(π′v), contradicting (6). In all, if Ar(σv ⊗ χv) 6= Ar(σv), then dimσv · Ar(χv) =
max
{
Ar(σv ⊗ χv),Ar(σv)
}
.
Assume Ar(σv) = deg(σv) ·Ar(χv). Suppose to the contrary that Ar(σv ⊗χv) >
Ar(σv) = deg(σv) · Ar(χv). So we have (6), which implies, by Lemma 3, that
Ar(σv⊗χv) = deg(σv)·Ar(χv), contradicting our assumption. Hence Ar(σv⊗χv) ≤
Ar(σv). Therefore, the equality of (5) holds when if Ar(σv) = deg(σv) ·Ar(χv). 
Let l ∈ N≥1. Let ∆l be the direct sum of the characters x 7→ ‖x‖i, 0 ≤ i ≤
l − 1. View ∆l as acting on V = Cl. Then the space V admits a regular nilpotent
endomorphism N such that Spl(1) = (∆l, N) is a representation of WDF,v.
Fact 5. Let notation be as before. Suppose σv is indecomposable. Then there exists
an irreducible representation ρv of the Weil group WF,v such that
(7) σv ≃ ρv ⊗ Spl(1).
Corollary 6. Let notation be as before. Then
(8) deg(σv) · Ar(χv) ≤ max
{
Ar(σv ⊗ χv),Ar(σv)
}
,
where the equality holds if Ar(σv ⊗ χv) 6= Ar(σv) or Ar(σv) = deg(σv) ·Ar(χv).
Proof. The conclusion is obvious when each dimσv,i = 1, 1 ≤ i ≤ r. Without loss
of generality, we may assume σv is indecomposable and not unramified. Then by
(7) one can write
σv ⊗ χv ≃ ρv ⊗ χv ⊗ Spl(1),
where ρv is an irreducible Weil-Degline representation and l ≥ 1. Then ρv is not
unramified. Therefore, we have Ar(σv ⊗ χv) = Ar(ρv ⊗ χv) and Ar(σv) = Ar(ρv).
Then Corollary 6 follows from Proposition 4 and the fact that dim ρv = dimσv.

3. Proof of Theorem A
Let us note, before commencing the proof of Theorem A, that it is not hard
to check that Q ≤ (N1N2)n. By the factorizability of conductors, it suffices to see
this at each finite place v. If σi,v, i = 1, 2, is the n-dimensional representation of
the Weil-Deligne group at Fv, associated to πi,v, by the local Langlands correspon-
dence ([6] and [7]) then σ2,v ≃ σ1,v ⊗χv, which implies that χv →֒ ˇσ1,v ⊗ σ2,v; thus
Qv ≤ (N1,vN2,v)n, since the conductor of ˇσ1,v⊗σ2,v is bounded above by Nn1,vNn2,v.
Proof of Theorem A. Write πi = ⊗′vπi,v, 1 ≤ i ≤ 2. Let v be a nonarchimedean
place. Let σi,v correspond to πi,v under the local Langlands correspondence. De-
composition σ1,v into indecomposable components:
σ1,v ≃ m1σ(1)1,v ⊕ · · · ⊕mrσ(r)1,v.
5Then it follows from the isomorphism σ2,v =≃ σ1,v ⊗χv that σ2,v admits a decom-
position σ2,v ≃ m1σ(1)2,v ⊕ · · · ⊕mrσ(r)2,v, where σ(i)2,v ≃ σ(i)1,v is also indecomposable,
1 ≤ i ≤ r. Then by Corollary 6 we have, for each 1 ≤ i ≤ r, that
dim σ
(i)
1,v ·Ar(χv) ≤ max
{
Ar(σ
(i)
1,v ⊗ χv),Ar(σ(i)1,v)
}
= max
{
Ar(σ
(i)
2,v),Ar(σ
(i)
1,v)
}
.
Summing through all 1 ≤ i ≤ r one then obtain
r∑
i=1
mi · dimσ(i)1,v · Ar(χv) ≤
r∑
i=1
mi ·max
{
Ar(σ
(i)
2,v),Ar(σ
(i)
1,v)
}
.
Note that
∑r
i=1mi · dimσ(i)1,v = n. Hence,
(9) nAr(χv) ≤
r∑
i=1
mi ·max
{
Ar(σ
(i)
2,v),Ar(σ
(i)
1,v)
}
,
from which we deduce that Qnv divides N1,vN2,v. Thus (1) follows.
Suppose further for every finite place v, π1,v is a discrete series whenever π1,v is
ramified. Let v be a nonarchimedean place as above. Then r = 1. So we have by
(9) that nAr(χv) ≤ m1max{Ar(σ(1)1,v), Ar(σ(1)2,v)} = max{Ar(σ1,v),Ar(σ2,v)}, from
which we deduce that Qnv divides [N1,v, N2,v]. Now Theorem A follows from the
above analysis and the following claim:
Claim 7. Let notation be as before. Assume n = 2 and π1 has trivial central
character. Then Q2 | [N1, N2].

Proof of Claim 7. Let notation be as in the proceeding proof. Write σ1,v ≃ m1σ(1)1,v⊕
· · · ⊕ mrσ(r)1,v, where r ≤ 2. From the above proof we know that 2Ar(χv) ≤
max{Ar(π1,v,Ar(π2,v))} if r = 1. Hence, is suffices to consider the case when
r = 2. So we suppose r = 2. Then σi,v ≃ σ(1)i,v ⊕ σ(2)i,v , with each σ(j)i,v a char-
acter, i, j = 1, 2. Moreover, since π1 has trivial central character, Ar(σ
(1)
1,v) =
Ar(σ
(2)
1,v). If Ar(χv) ≤ Ar(σ(1)1,v). Then 2Ar(χv) ≤ Ar(σ(1)1,v) + Ar(σ(2)1,v) = Ar(σ1,v) ≤
max{Ar(σ1,v),Ar(σ2,v)}. Therefore, we may suppose Ar(χv) > Ar(σ(1)1,v). By Corol-
lary 6 we deduce that Ar(χv) ≤ max{Ar(σ(j)1,v), σ(j)2,v)}, for 1 ≤ j ≤ 2; moreover,
since Ar(σ
(j)
1,v) < Ar(χv) ≤ max{Ar(σ(j)1,v), σ(j)2,v)}, j = 1, 2, then from the condition
when the equality holds therein, we obtain that Ar(χv) = Ar(σ
(j)
2,v)), for j = 1, 2.
Therefore, we deduce that
2Ar(χv) ≤ Ar(σ(1)2,v) + Ar(σ(2)2,v) = Ar(σ2,v) ≤ max{Ar(σ1,v),Ar(σ2,v)}.
Hence Claim 7 follows. 
Remark. Towards the extreme cases of Theorem A, we have
1. Let notation be as before. Let π1 = Ind(χ1, χ2) be an induced repre-
sentation of GL(2,AQ). Let p1, p2 be two distinct primes. Suppose χi has
arithmetic conductor pi, 1 ≤ i ≤ 2. Let χ = χ−11 χ−12 , and π2 = π1⊗χ. Then
both π1 and π2 have arithmetic conductor p1p2, namely, N1 = N2 = p1p2.
Also, χ has arithmetic conductor Q = p1p2. And we thus have Q
2 = N1N2.
2. Let π1 be a cuspidal representation on GL(n,AF ) such that for every finite
place v, π1,v is a discrete series whenever π1,v is ramified. Suppose further
that n | Ar(π1,v), for each finite place v. Let χ be an idele class character
of Artin conductor exponent Ar(χv) = Ar(π1,v)/n, for any finite place
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v. Let π2 = π1 ⊗ χ. Then it follows from Corollary 6 that nAr(χv) =
max{Ar(π1,v),Ar(π2,v)}, for all finite place v. Thus Qn = [N1, N2] in this
case.
4. Comparison of Analytic Conductors
Let π be unitary cuspidal representations on GL(n,AF ), where F is a global field.
Denote by Σ the set of places of F. Then π = ⊗′vπv. Let L(s, π) be the principal
L-function associated to π. Then L(s, π) =
∏
v∈Σ Lv(s, πv), where Re(s) ≫ 0. Let
Σ∞ be the set of archimedean places of F. To define analytic conductor of π, we
need to recall the definition of each Lv(s, πv) for v ∈ Σ∞.
In this section,we fix a place v ∈ Σ∞, denote by σv the n-dimensional Weil-
Deligne representation corresponding to πv under the local Langlands correspon-
dence. Then Lv(s, πv) = Lv(s, σv). Moreover, let χv be a quasi-character of F
×
v ,
we have Lv(s, πv × χv) = Lv(s, σv ⊗ χv). Hence, it suffices to recall the definition
of Lv(s, σv ⊗ χv), which is a product of Gamma functions. Write
σv = ⊕rvj=1σv,j ,
where each σv,j is an irreducible representation of the Weil group WF,v. Hence,
(10) Lv(s, σv ⊗ χv) =
rv∏
j=1
Lv(s, σv,j ⊗ χv).
To define archimedean conductor, we shall describe each Lv(s, σv,j ⊗χv) explic-
itly. Since our approach is using Langlands classification ( [3]), we will separate the
cases when Fv ≃ R and Fv ≃ C.
Case 1: Assume that Fv ≃ C. One has WF,v ≃ C×. So all irreducible repre-
sentations are one dimensional. We may write any such characters as
τk,ν(z) = (z/|z|)k|z|νC = (z/|z|)k|z|2ν , for k ∈ Z and ν ∈ C. The local
L-function associated to this character is Lv(s, τk,ν) = ΓC(s + ν + |k|/2),
where ΓC(s) := 2(2π)
−sΓ(s).
Let σv,j = τkj ,νj , kj ∈ Z and νj ∈ C, 1 ≤ j ≤ r. Also, one can write χv
as τk′,ν′ for some k
′ ∈ Z and ν′ ∈ C. Since τk,ν ⊗ τk′,ν′ = τk+k′,ν+ν′ , we
then have
Lv(s, σv,j ⊗ χv) = Lv(s, τkj+k′,νj+ν′) = ΓC(s+ νj + ν′ + |kj + k′|/2).
Define the archimedean conductor of σv,j ⊗ χv in this case to be
(11) Cv(σv,j ⊗ χv) = (1 + |νj + ν′ + |kj + k′|/2|)2.
Case 2: Assume that Fv ≃ R. One has WF,v ≃ C× ⊔ jC×, where j2 = −1 and
jzj−1 = z¯ for any z ∈ C×. Hence each irreducible representation σv,j of
WF,v is of dimension 1 or 2.
(a) If dimσv,j = 1, then its restriction to C
× is of the form τ0,νj for some
νj ∈ C ( (3.2) of [?]). Also, we can write χv = τ0,ν′ for some ν′ ∈ C.
In this case, we have
Lv(s, σv,j ⊗ χv) = ΓR(s+ νj + ν′ + (1 − σv,j(j)χv(j))/2),
where ΓR(s) := π
−s/2Γ(s/2). Define the archimedean conductor of
σv,j ⊗ χv in this case to be
(12) Cv(σv,j ⊗ χv) = 1 + |νj + ν′ + (1− σv,j(j)χv(j))/2|.
7(b) If dim σv,j = 2, we may assume that σv,j is induced from C
× to
GL(2,R) by τkj ,νj , where kj ∈ N≥1 and νj ∈ C. Then σv,j ⊗ χv is
induced from C× by τkj ,νj+ν′ . The L-factor is defined to be
Lv(s, σv,j ⊗ χv) = ΓC(s+ νj + ν′ + kj/2).
Define the archimedean conductor of σv,j ⊗ χv in this case to be
(13) Cv(σv,j ⊗ χv) = (1 + |νj + ν′ + kj/2|)2.
Definition 8. Let notation be as above. Define the archimedean conductor of
πv ⊗ χv to be
Cv(πv ⊗ χv) = Cv(σv ⊗ χv) =
rv∏
j=1
Cv(σv,j ⊗ χv),
where each Cv(σv,j ⊗ χv) is defined via (11), (12) or (13). Let N(π × χ) be the
arithmetic conductor of π × χ. We set
C∞(π × χ) =
∏
v∈Σ∞
Cv(πv ⊗ χv)
to be the archimedean conductor of π × χ. And let
C(π × χ) = N(π × χ) · C∞(π × χ)
be the analytic conductor of π × χ.
Recall that π1 and π2 are unitary cuspidal representations on GL(n,AF ). Denote
by σi,v the Weil-Deligne representation associated to πi,v, 1 ≤ i ≤ 2. Assume
π1 × χ ≃ π2. Then σ1,v ⊗ χv ≃ σ2,v, for all v ∈ Σ∞. Let
σi,v = ⊕rvj=1σi,v;j , 1 ≤ i ≤ 2,
where each σi,v;j is an irreducible representation of WF,v. Hence,
(14) σ1,v;j ⊗ χv = σ2,v;j , 1 ≤ j ≤ dv, v ∈ Σ∞.
Case 1: Assume that Fv ≃ C. One can write σi,v;j = τki,j ,νi,j , ki,j ∈ Z and νi,j ∈ C,
1 ≤ j ≤ r. Also, one can write χv as τk′,ν′ for some k′ ∈ Z and ν′ ∈ C.
Then (14) yields k1,j + k
′ = k2,j and ν1,j + ν
′ = ν2,j . Hence
(15) Cv(χv) = (1 + |ν2,j − ν1,j + |k2,j − k1,j |/2|)2.
Case 2: Assume that Fv ≃ R. If dimσi,v;j = 1, then its restriction to C× is of the
form τ0,νi,j for some νi,j ∈ C. Also, we can write χv = τ0,ν′ for some ν′ ∈ C.
In this case, we have ν1,j + ν
′ = ν2,j . Hence
(16) Cv(χv) = 1 + |ν2,j − ν1,j + (1− σ2,v;jσ−11,v;j(j))/2|.
If dimσi,v;j = 2, we may assume that σi,v;j is induced from C
× to GL(2,R)
by τki,j ,νi,j , where ki,j ∈ N≥1 and νi,j ∈ C. Then σ1,v;j⊗χv is induced from
C× by τk1,j ,ν1,j+ν′ . Hence k1,j = k2,j and ν1,j + ν
′ = ν2,j , implying
(17) Cv(χv) = 1 + |ν2,j − ν1,j + (1− σ2,v;jσ−11,v;j(j))/2|.
Lemma 9. Assume Fv ≃ R. Then
(18) Cv(χv) ≤ 3 · [Cv(σ1,v)Cv(σ2,v)]1/n.
Moreover, the above bound is sharp.
Proof. Since dimσ1,v;j = 1 or 2, we shall discuss the two cases separately.
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Case I. Suppose dimσ1,v;j = 1. Then dim σ2,v;j = 1. Hence by (16) we have
Cv(χv) = 1 + |ν2,j − ν1,j + (1− σ2,v;jσ−11,v;j(j))/2|.
(a). Assume σ2,v;j(j)σ1,v;j(j) = 1. If σ2,v;j(j) = σ1,v;j(j) = 1, then Cv(χv) =
1 + |ν2,j − ν1,j | ≤ 1 + |ν2,j | + |ν1,j | = 1 + |ν2,j + (1 − σ2,v;j(j))/2| +
|ν1,j + (1− σ1,v;j(j))/2|. Thus Cv(χv) ≤ Cv(σ1,v;j)Cv(σ2,v;j).
Suppose σ2,v;j(j) = σ1,v;j(j) = −1.By Corollary 2.5 of [5], |Re(ν1,j)| ≤
1/2 and |Re(ν2,j)| ≤ 1/2. Thus |νi,j | ≤ |νi,j + 1| = |νi,j + (1 −
σi,v;j(j))/2|, 1 ≤ i ≤ 2. Therefore, Cv(χv) = 1 + |ν2,j − ν1,j | ≤
1+ |ν2,j|+ |ν1,j | ≤ 1+ |ν2,j+(1−σ2,v;j(j))/2|+ |ν1,j+(1−σ1,v;j(j))/2|.
Hence, again, we have Cv(χv) ≤ Cv(σ1,v;j)Cv(σ2,v;j).
(b). Assume σ2,v;j(j)σ1,v;j(j) = −1. Then Cv(χv) = 1+ |ν2,j − ν1,j +1|. If
σ2,v;j(j) = −1, then Cv(χv) ≤ 1 + |ν2,j + 1|+ |ν1,j| ≤ (1 + |ν1,j |)(1 +
|ν2,j + 1|) = Cv(σ1,v;j)Cv(σ2,v;j). If σ2,v;j(j) = 1, then Cv(χv) = 1 +
|ν2,j − ν1,j +1| ≤ 1+ |ν1,j +1|+ |ν2,j|+2 ≤ 3(1+ |ν2,j|)(1+ |ν1,j +1|),
namely, we have Cv(χv) = 3Cv(σ1,v;j)Cv(σ2,v;j).
In all, if dimσ1,v;j = 1, then we deduce that
(19) Cv(χv) = 3 · Cv(σ1,v;j)Cv(σ2,v;j).
Case II. Suppose dimσ1,v;j = 2. Then dim σ2,v;j = 2. Hence by (17) we have
Cv(χv) = 1 + |ν2,j − ν1,j + (1− σ2,v;jσ−11,v;j(j))/2|.
Let σi,v;j be induced from C
× by τki,j ,νi,j , where ki,j ∈ N≥1 and νi,j ∈ C,
1 ≤ i ≤ 2. Then σ1,v;j ⊗ χv is induced from C× by τk1,j ,ν1,j+ν′ . Hence
k1,j = k2,j and ν1,j + ν
′ = ν2,j . Then by triangle inequality we have
Cv(χv) = 1 + |ν2,j − ν1,j + (1 − σ2,v;jσ−11,v;j(j))/2|
≤ 2 + |ν2,j + k2,j/2|+ |ν1,j + k1,j/2|
≤ 2(1 + |ν1,j + k1,j/2|)(1 + |ν2,j + k2,j/2|).
Recall that in this case Cv(σi,v;j) = (1 + |νi,j + ki,j/2|)2, 1 ≤ i ≤ 2. So
(20) Cv(χv)
2 ≤ 4 · Cv(σ1,v;j)Cv(σ2,v;j).
Let σi,v = ⊕rvj=1σi,v;j be the decomposition of σi,v into irreducible representations.
Let rl be the number of σi,v;j ’s such that dim σi,v;j = l, 1 ≤ l ≤ 2. Then r1+2r2 = n.
It the follows from (19) and (20) that
Cv(χv)
n ≤
∏
1≤j≤rv
dimσi,v;j=1
[
3 · Cv(σ1,v;j)Cv(σ2,v;j)
] · ∏
1≤j≤rv
dimσi,v;j=2
[
4 · Cv(σ1,v;j)Cv(σ2,v;j)
]
≤ 3r14r2 · Cv(σ1,v)Cv(σ2,v) ≤ 3n · Cv(σ1,v)Cv(σ2,v).
Thus (18) follows. Moreover, from the above proof, it is clear that the equality in
(18) holds if r1 = n (so r2 = 0) and ν1,j = −1, ν2,j = 0, for all 1 ≤ j ≤ rv. 
Lemma 10. Assume Fv ≃ C. Then
(21) Cv(χv) ≤ 9 · [Cv(σ1,v)Cv(σ2,v)]1/n.
Moreover, the above bound is sharp.
9Proof. Since Fv ≃ C, we can write σi,v;j = τki,j ,νi,j , ki,j ∈ Z and νi,j ∈ C, 1 ≤ j ≤ r.
Write χv as τk′,ν′ for some k
′ ∈ Z and ν′ ∈ C. Then (14) yields k1,j + k′ = k2,j
and ν1,j + ν
′ = ν2,j . So by (15), Cv(χv) = (1 + |ν2,j − ν1,j + |k2,j − k1,j |/2|)2. By
triangle inequality we have
(22) 1 + |ν2,j − ν1,j + |k2,j − k1,j |/2| ≤ 1 + |ν2,j |+ |ν1,j |+ |k2,j |/2 + |k1,j |/2.
On the other hand, we have the following inequality:
Claim 11. Let 1 ≤ i ≤ 2. Then |νi,j |+ |ki,j |/2 ≤ 1 + 3|νi,j + |ki,j |/2|.
Therefore, by Claim 11, one obtains the upper bound for Cv(χv) :
Cv(χv) ≤ (3 + 3|νi,j + |ki,j |/2|+ 3|νi,j + |ki,j |/2|)2 ≤ 9 ·
2∏
i=1
(1 + |νi,j + |ki,j |/2|)2.
Hence, by (11) we have Cv(χv) ≤ 9 ·Cv(σ1,v;j)C(σ2,v;j). Invoking with the decom-
position σi,v = ⊕rvj=1σi,v;j we thus get
Cv(χv)
n ≤
∏
1≤j≤rv
[
9 · Cv(σ1,v;j)Cv(σ2,v;j)
]
= 9n · Cv(σ1,v)Cv(σ2,v).
Therefore, (21) follows. 
Proof of Claim 11. (a). Suppose ki,j = 0. Then |νi,j | + |ki,j |/2 = |νi,j |. Hence
|νi,j |+ |ki,j |/2 ≤ 1 + 3|νi,j + |ki,j |/2|. holds trivially.
(b). Suppose |ki,j | = 1. Then by triangle inequality, |νi,j | + |ki,j |/2 = |νi,j | +
1/2 ≤ |νi,j + 1/2|+ 1 ≤ 1 + 3|νi,j + |ki,j |/2|.
(c). Suppose |ki,j | ≥ 2. Note that by Corollary 2.5 of [5], |Re(νi,j)| ≤ 1/2. Then
|Re(νi,j)| ≤ |Re(νi,j)+|ki,j |/2|, as |ki,j |/2 ≥ 1. Also, 2|Re(νi,j)+|ki,j |/2| ≥
|ki,j |/2. So |νi,j | + |ki,j |/2 ≤ |νi,j + |ki,j |/2| + |ki,j |/2 ≤ |νi,j + |ki,j |/2| +
2|Re(νi,j) + |ki,j |/2| ≤ 1 + 3|νi,j + |ki,j |/2|.
In all, Claim 11 holds. 
Remark. Our proofs of Lemma 9 and Lemma 10 would imply an explicit version
of Lemma A.2 in [4] (in the case when n = n′). Also, the original proof of Lemma
A.2 there is not quite complete as the inequality chain right above (A. 13) (see P.
14 of [4]) is not correct for k = 1.
Let C1 (resp. C2) be the analytic conductor of π1 (resp. π2). Let χ be a Hecke
character on F . Denote by C the analytic conductor of χ.
Theorem B. Let notation be as above. Then
(23) C ≤ 3[F :Q] · (C1C2)1/n,
where [F : Q] is the degree of F/Q.
Proof. Let r1 (resp. r2) be the number of real (complex) places of F. Then r1+2r2 =
[F : Q]. By Lemma 9 and Lemma 10, one has∏
v∈Σ∞
Cv(χv) ≤
∏
v∈Σ∞
Fv≃R
3 · [Cv(σ1,v)Cv(σ2,v)]1/n ·
∏
v∈Σ∞
Fv≃C
9 · [Cv(σ1,v)Cv(σ2,v)]1/n
= 3r1+2r2
[ ∏
v∈Σ∞
Cv(σ1,v)Cv(σ2,v)
]1/n
.
Then (23) follows from Theorem A. 
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